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Efforts to model the turbulent flow in stirred tanks require accurate boundary 
conditions at the tip of the impeller, not just of velocities, but of the turbulence 
quantities k and E .  Kolar's (1982) phenomenological, swirling radial jet model of 
the impeller region is extended by using a two-equation k - E turbulence model to 
obtain direct estimates of k and E on the impeller periphery. The model is extended 
and clarified, so that the number ofparameters required for its application is reduced 
to two: the rotational speed and the diameter of the impeller. Three-dimensional 
simulations allow a realistic treatment of the baffles. Agreement of the modeling 
results with recently published experimental data is excellent. This is particularly 
true in the important impeller discharge zone, where details of the predicted behacior 
of the turbulence kinetic energy and dissipation rate are in quantitative agreement 
with the available data. Based on these results, average values of 6 are calculated, 
along with the zones over which they apply. For the impeller discharge zone, the 
dimensionless, volume-averaged E is 0.19. 

Introduction 
Stirred tanks are widely used in the chemical industry for 

mixing of single and multiphase fluids. Studies of the fluid 
flow characteristics have received wide attention due to design 
requirements such as scale-up criteria. Attention has typically 
been focused on integrated dimensionless quantities such as 
Np, the power number, and Nq, the flow number. However, 
not much progress can be made in understanding the mixing 
mechanism in these tanks, especially for multiphase systems, 
without a better understanding of the detailed hydrodynamics 
within the vessel. In particular, models that describe the drop 
size distribution in a liquid-liquid dispersion, or models that 
describe mixing in chemical reactors, require estimates of the 
eddy sizes. The size of the eddies is directly related to local 
levels of the turbulence kinetic energy and its dissipation rate. 
The quantity of current experimental work on this flow field 
(Mahouast et al., 1989; Wu and Patterson, 1989; Ranade and 
Joshi, 1989, Ranade et al., 1989; Stoots and Calabrese, 1989) 
gives an indication of the importance of the problem. 

Mathematical modeling of a fundamental kind in which 
conservation equations are solved subject to initial and bound- 
ary equations can provide detailed information about the flow 
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field that would be very difficult to obtain experimentally. 
This has been attempted by Harvey and Greave4 (1982a, b), 
Placek and Tavlarides (1985), Placek et al. (19S6), Ju et al. 
(1987, 1990), and Kaminoyama et al. (1988). Progress in this 
area has been difficult, however, due to a shortnge of exper- 
imental information on higher order turbulence quantities, 
which has only recently become available. These are needed 
not only to build the mathematical models, but also to validate 
them. 

In this study a two-equation ( k -  E )  turbulence model is used 
to investigate the turbulent flow field in a stirred rank agitated 
by a Rushton-style disk turbine. This same k - F  model has 
been used by several authors previously to stbdy the flow 
patterns within stirred tanks (Placek and Tavlhrides, 1982; 
Harvey and Greaves, 1982a, b; Middleton et al.. 1986; Ju et 
al. 1987, 1990; Pericleous and Patel, 1987; Kaminyama et al., 
1988; Hutchings et al., 1989). It is crucial to the model pre- 
dictions that accurate boundary conditions be applied and it 
is clear from these earlier papers than an appropriate set of 
boundary conditions, especially with respect to turbulence 
modeling, has not yet been established for the agitator zone. 
This problem is similar to the k - E model predictions of the 
complicated flow patterns that exist in the swirl combustor. 
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With different boundary conditions at the combustor inlet, 
the predicted flow field in the combustor can change dramat- 
ically from no recirculation zone to a toroidal recirculating 
vortex at the center of the combustor (Ramos, 1984); hence it 
is clear that accurate boundary conditions are required to give 
accurate predictions of the flow field in the bulk. 

The boundary conditions near the impeller blades, which 
characterize the highly inhomogeneous turbulence generated 
by the impeller, have been studied quite extensively. Experi- 
mental observations (Van’t Riet and Smith, 1975; Yianneskis 
et al. 1987; Stoots and Calabrese, 1989) suggest that the flow 
generated by the passing turbine blades consists mainly of 
trailing vortices that are being continuously shed. Velocity 
measurements at a single point in the impeller stream show a 
strong periodic component with superimposed fluctuations. 
One model for the impeller discharge stream was put forward 
by Placek and Tavlarides (1985). This is a mechanistic model 
based on the trailing vortex concept initially proposed by Van’t 
Riet and Smith (1975), which is capable of providing estimates 
of the turbulence energy, kp, of the large-scale vortices in the 
impeller discharge stream. The model cannot, however, be used 
to provide estimates of the turbulence dissipation rate E ,  which 
is also required near the impeller blades. Furthermore, it is the 
average values of the velocities and turbulence quantities that 
are required as input to the k - E model, so it is not likely that 
dynamic modeling of the vortices being shed from the impeller 
is required. These dynamic predictions must be averaged in 
some sense to obtain useful boundary conditions. On the av- 
erage, the flow generated by the turbine is jetlike. Because the 
impeller is rotating, this jet is not purely radial but also has a 
swirl, or tangential component. The concept of using a tan- 
gential jet as a model to simulate the impeller discharge flow 
has been proposed by several authors (DeSouza and Pike, 1972; 
Obeid et al., 1982). Ju et al. (1987, 1990) compute the flow 
field using the tangential jet boundary condition, which re- 
quires knowledge of three experimental parameters and as- 
sumes a zero gradient of k and E at the impeller periphery. 
They concentrate their comparisons on the velocity field in the 
bulk of the tank, where agreement with experimental results 
is good. Agreement of the model results with the turbulence 
quantities k and E ,  however, is qualitative at best (Ju et al., 
1987). The weaknesses of the tangential jet model are discussed 
by Kolar et al. (1984), who developed the more general swirling 
radial jet (SRJ) model to obtain outlet velocity profiles. Un- 
fortunately, these models cannot give any information about 
the turbulence characteristics near the impeller blades, and it 
is this information that is required as input for a k - E model 
simulation for the turbulence in the entire tank. 

Extension of impeller zone modeling to provide reliable pre- 
dictions of k and E at the impeller periphery is crucial to prog- 
ress. It has been shown experimentally that the mean velocity 
field in the impeller discharge stream has a similarity profile 
that is established only a very short distance from the impeller. 
In particular, the observed velocity field is the same as that 
which would be produced by a turbulent, swirling radial jet. 
Velocity profiles predicted by Kolar et al. (1984) using this 
idealization show very good agreement with experimental data; 
however, problems in this early version of the SRJ model 
resulted in a number of parameters of unclear physical sig- 
nificance. In this paper, the SRJ model is further developed 
and clarified, so that the only parameters required for its ap- 

plication are the peak discharge velocity and flow angle at the 
impeller tip. Based on the detailed experimental results avail- 
able in this region, optimum parameters are suggested that 
require only the rotational speed and diameter of the impeller 
as input. Instead of the mixing length hypothesis used by Kolar 
et al. (1984), the k - E  model is used to close the governing 
equations, and to quantify the turbulence characteristics. One 
of the major objectives of this paper is to extend the phenom- 
enological, swirling radial jet model of the impeller region 
(Kolar et al., 1982) by using a k -  E turbulence model to obtain 
direct estimates of k and E on the impeller periphery. 

Modeling of this flow field is further complicated by the 
addition of baffles around the tank wall. These baffles en- 
courage top to bottom circulation in the tank, but also make 
the flow field three dimensional over part of the volume, and 
introduce a drag that makes it difficult to represent the flow 
realistically as an axisymmetric (two-dimensional) one, espe- 
cially with regard to the turbulence quantities k and E .  Harvey 
and Greaves (1982a) and Pericleous and Patel (1987) model 
the effects of the. baffles by introducing a pressure-induced 
drag term in the 0 component of the equations of motion. This 
drag term contains a coefficient that is, in essence, a tuning 
parameter. Chen and Wood (1988) found that, for the SRJ 
boundary condition, if this parameter is set to zero an incorrect 
velocity field results. The most reasonable predictions were 
obtained when it was set to For the boundary conditions 
used by Harvey and Greaves (1982a), the best value for the 
parameter was 1. Placek and Tavlarides (1982, 1985), Placek 
et al. (1986), and Ju et al. (1987, 1990) model the stirred tank 
by introducing modifications to the turbulence model and 
boundary conditions, which meets with limited success. Hutch- 
ings et al. (1989) deal with the baffles by complete suppression 
of the tangential velocity in the axisymmetric case, and its 
suppression in the baffle region for the three-dimensional case. 
It was found that while this irrotational treatment results in 
reasonable mean velocity profiles, it has severe implications 
for the prediction of turbulence quantities, resulting in dif- 
ferences of up to three orders of magnitude from a full three- 
dimensional, swirling case. In this work, the baffles are not 
modeled but are included as part of the three-dimensional 
calculation domain. This has allowed reproduction of details 
of the flow field around the baffles as they are observed in 
flow visualization experiments, and very good prediction of 
the turbulence quantities. This approach also requires much 
less apriori knowledge of the flow field than previous methods. 

Turbulence Model 

1. Solution of the SRJ model to obtain the boundary condi- 
tions at the tip of the impeller as described by Wood and Chen 
(1985) 
2. Three-dimensional simulations of the flow using FLUENT, 
a commercial software package 

The two-equation (k  - E )  model is used in both parts of this 
study because it is the most tested and reliable turbulence model 
available. Although it will not give the amount of information 
that a mean Reynolds stress model will give, it requires an 
order of magnitude less computation time and gives predictions 
of the mean velocities that are of comparable accuracy to the 
higher order models. The model constants used are given in 
Table 1. 

The reported simulations consist of two parts: 
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Table 1. k - E Model Constants Used in Simulations With the eddy viscosity defined by: 

SRJ model 0.09 1.43 1.92 1.3 1.0 
FLUENT 0.09 1.44 1.92 1.3 1.0 

Swirling Radial Jet Model of Impeller Discharge 
Flow 

It has been known for some time that the turbulent stream 
ejected from a Rushton turbine behaves like a tangential jet 
(DeSouza and Pike, 1972), and subsequently this model was 
modified to the more general case of a swirling radial jet (Kolar 
et al., 1984). In the analysis presented by Kolar et al. (1982, 
1984) the mixing length hypothesis was used t o  close the mean 
momentum equations and solutions were obtained for the ra- 
dial component of the mean velocity profile. The results were 
in good agreement when compared to  the radial velocity data 
for several different types of radial impellers. This suggests 
that the basic model is a good one for predicting the mean 
velocity in the impeller stream. However, this type of closure 
gives no information whatever about the turbulence kinetic 
energy and its dissipation rate in the vicinity of the impeller 
blades. If the k - E model is to  be used to  predict the turbulence 
quantities in the tank, then profiles of k and E are needed along 
every boundary surface. The approach used here is t o  apply 
the model of the swirling radial jet to predict profiles of both 
the mean velocity and turbulence quantities along the periphery 
of the volume swept out by the impeller. The standard k-E 
model subject to  the boundary layer and high Reynolds number 
approximations is used to  establish boundary conditions. The 
same model, in its unsimplified form, is used for tank simu- 
lations. 

Reduction and transformation of governing equations 
The radial turbulent jet with swirl is governed by the mean 

equations of motion and the continuity equation. A cylindrical 
coordinate system was selected, with its origin at the center of 
the impeller. At steady state, the momentum and continuity 
equations, subject to  the assumptions of high Reynolds number 
and the boundary layer approximation, reduce to: 

a vS a vS V,V, 1 arSz 
Vr-+Vz-+-=-- 

ar az r P az (3) 

A standard k - E model (Launder and Spalding, 1972) is used 
to close this set of equations. The constitutive equations for 
the turbulent fluxes are given by: 

k2 
vt = 0.09 - 

t 

The governing transport equations for k and E ,  subject to  
the boundary layer approximation are: 

(7) 

(9) 

The momentum integrals that express the conservation of 
radial momentum and angular momentum may be written: 

r m  

(10) lim J ~ pr V f d z  = M,, 
r- m 

This gives a total of four governing equations, two mo- 
mentum integral constraints, and two constitutr! e equations, 
plus continuity, in three dimensions. Solution of these differ- 
ential equations would be a difficult task. By performing a 
coordinate transformation ( r ,  0, z )  - (r,  0, the problem can 
be substantially reduced. This transformation is depicted 
graphically in Figure 1, where r and 0 are the radial and azi- 
muthal directions, and E is the direction of flow in the impeller 
discharge. From Figure 1, the following observ;itions can be 
made: 

1. The angle /3 is exactly 90" at  the circle of rat lius e, where 
is equal to  zero; this is the origin of the system ,f tangential 

half planes 

Figure 1. Graphical depiction of coordinate tranforma- 
tion (I; 6,  zl - (6 0 
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The constitutive equations collapse to: 2. The angle decreases as r increases, going to zero as 
r-m. 

from 

and the momentum integral constraints reduce to: 
(12) 

e 4 sin/3=- or cos/3=- 
r r 

4. The pOSitiQn of the impeller periphery relative to e is thus 
fully determine by the flow angle 0, at the periphery, or at 
any other radi 1 position where the SRJ model holds. For a 
given impeller i 'ameter, a single measurement of the flow angle 
allows e to be determined explicitly. 

5 .  

This transformed set of equations expresses the impeller 
stream turbulent flow field in the system of half-planes tan- 
gential to the cylinder of radius e .  The cylinder axis is coincident 
with the axis of the jet symmetry. 

Similarity solution and resulting pro files 
On closer examination, it becomes apparent that these equa- 

tions have exactly the same form as those defining the turbulent 
radial jet with no swirl studied by Wood and Chen (1985). 
These equations admit a similarity solution, with similarity 
length and velocity scales defined as: 

S([)=X< and qd4)=y (22) 4 

Following Ri ey (1962) and Kolar et al. (1982), the flow field 
in this system f tangential half-planes can be expressed by 
the following g t ometrical relations: 

e 
Vo=q - 4 v,=q - r r 

e 
702 = 72.2 ; respectively. The stream function is defined by: 

where q is the velocity component in the 4 direction, and rtz 
is the turbulent shear stress in the 4 direction. 

nsformation (r, 0, z )  - (4 ,  z), the governing 
1-11), for the SRJ become: 

and the dimensionless similarity functions are: 

Z 

q=G 
(17) 

Table 2. Similprity Profiles as a Function of 7 ,  Determined 
Using k - c Model 

II 4' Using these transformations and variable definitions, the 
coupled set of partial differential equations, Eqs. 16-20, can 
be reduced to a coupled set of ordinary differential equations 
in the single similarity variable 7. This set of ordinary differ- 
ential equations has boundary conditions at the jet centerline 
and jet edge, and can be solved using the calculation procedure 
described by Wood (1978) and Wood and Chen (1985) to yield 
the similarity profiles off, g, p ,  and rn. The similarity profiles 
are untransformed to obtain the stream function, Reynolds 
stress k, and 6 ,  respectively, all as functions of q. The computed 
values of the similarity variables are given at a series of points 
in Table 2. 

f(7) 
O.OO0 
0.590 
1.153 
1.670 
2.124 
2.507 

2.815 
3.047 
3.204 
3.291 
3.310 

g ( d  
0.000 
0.016 
0.030 
0.039 
0.043 
0.041 

0.036 
0.028 
0.018 
0.008 
O.OO0 

0.158 0.061 
0.159 0.061 
0.160 0.061 
0.158 0.061 
0.150 0.057 
0.136 0.051 

0.114 0.042 
0.088 0.031 
0.057 0.019 
0.026 0.008 
o.Oo0 0.000 

0.2 0.915 

0.6 0.454 
0.7 0.327 

1.0 0. 

A = 0.16838 
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There are two important things that must be considered due 
to the nature of this solution, both intimately related to the 
jet width. The first concerns the value of A, the second relates 
to the virtual origin of the jet. 

The jet spreading rate, or h, is in fact not a variable in these 
equations. It is an eigenvalue that is determined in the course 
of the problem solution. This is a direct consequence of the 
fact that the equations are singular in form, due to the complete 
neglect of molecular diffusion in their formulation. The locus 
of the singularity is at z = S ( 0 ,  which defines the jet width. 
This means that at the jet boundary, the profiles will not just 
approach zero, but will be identically equal to zero. This math- 
ematical limitation will allow some simplifications in the de- 
velopment of predictions of e and b,. 

The lack of freedom in specification of h leads to an apparent 
contradiction between the definition of S(E) and the value of 
h. Experimental results lead to the conclusion that the jet width 
is equal, or nearly equal to, the blade width at the impeller 
boundary. The origin of E is fully specified by the direction 
of flow at the impeller boundary. This leads to an overspecified 
problem. In the similarity length scale at the impeller tip, all 
three variables are fixed. This conflict is resolved by realizing 
that the similarity equations are invariant to the transformation 
( E )  - ( E  + t,) .  This allows specification of the jet width at the 
impeller periphery without violation of the previously defined 
origin of the coordinate E .  The virtual origin, (, and the jet 
geometry are depicted in Figure 2. 

Experimental and theoretical predictions of e and 13 
Deconvolution of the similarity variables f, p ,  and m into 

the SRJ variables, q,  V,, k, and t requires knowledge of y, h 
(calculated as part of the solution), A((), and qdu). Further 
deconvolution of q into V, and Vs requires the use of e .  As 
stated earlier, e can be defined in two ways: by the declination 
of flow (0) at any radial position where the SRJ model holds, 
or through the equality 

5 = 0  
r = e  

Figure 2. Jet geometry illustrating virtual origin. 

Since the objective is to define the boundary conditions at 
the impeller tip, the values required for deconvolution should 
be defined as close to that point as possible. Consideration of 
experimental evidence, as shown in Table 3 and Figure 3, leads 
to adoption of the values 

D 
10 

So=- 

Although the value of qM,,, averaged over all cited experi- 
mental results, is 1.18 VTIp, the median is 1.05 VTIp. The median 
is more useful in this case because it minimizes the influence 
of faulty data. The jet width So is set equal to the half-blade 
width. This means that there may be some underprediction of 
the velocities close to the edges of the blade; but from Figure 
3 this deviation is still within the range of the experimental 
results. Note that these results span a period of rwenty years, 

Table 3. Experimental Data for Maximum Velocity and Flow Angle at Impeller Tip 
____ 

V8.m 4 m  
TNL) T N D  
_- P V,,, 2r/D 

____ TND 
Keller (1985) LDA T/3 1.18 0.55 

LDA T/3 1.02 0.74 Armstrong & 

Source Instrument* C 

- - - 
- - - 

Ruszkowski (1988) 
Wong & Huang (1988) HFA T/2, T/3 1.2 0.68 40 - lO.888) 
Gunkel & Weber (1975) HWA T/2 1.018 0.99 (42) 0.89 1.267 
Cooper & Wolf (1968) HWA T/3 - 0.74 52 to 68 (0.75) 1.054 

V.d. Molen & LDA - - 0.85 45 (0.85) 1.02 

Bertrand et al. (1980a) HFA T/2 1.11 1.043 45 0.935 (1.4) 

Bertrand et al. (1980b) HFA T/2 1.11 1.08 45 0.95 ( 1.44) 

V. Maanen (1978) 

Bertrand et al. (1980a) HFA T/3 1.11 1.196 42 1.054 (1.5) 

- - - Bertrand et al. (1980b) T/2 1 0.868 

Fort & Mala (1982) Pitot T/3 - 0.718 
Wu & Patterson (1989) LDA T/3 1.11 0.745 - 0.663 (0.997) 

Nouri et al. (1987) LDA T/3 1.2 0.822 
Mahouast & Cognet (1987) LDA T/3 1.03 0.50 

- - - 

Costes & Couderc (1982) HFA T/2 1.11 0.76 - 0.66 il.01) 
- - - 
- - - 

'LDA, laser Doppler anemometer HFA, hot film anemometer 
Values in ( ) are calculated HWA, hot wire anemometer 
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Figure 3. Raqial velocity profile at impeller tip 

< V : )  can be written 

W 

the integral 

1; q'3dq =0.6881 (34) 

is calculated numerically from the SRJ similarity profile. From 
the definition of NQ, 

W 

Exp. data points from Wu and Pattersn (1989), Armstrong and 
Rusz owski (1988), Wong and Huang (1988). Nouri et al. (1987), 
Kellet (1985). Fort and Mala (1982), Costes and Couderc (1982), 
Cooper and Wolf (1968) 

Taking V, to be constant over C H ,  and defined by a material 
balance around the impeller: 

k 
Questionable data from Gunkel and Weber (1975). Bertrand et 
al. (1980a.b) 

and all of the major experimental techniques. Two sets of data 
have been clascd as questionable; the first is from early laser 
doppler anemopeter (LDA) work (Bertrand et al., 1980a, b), 
and the second1 is from an experiment performed in air rather 
than water (G nkel and Weber, 1975). The value for which 
the least infor ation is available, and which is thus the least 
reliable, is Po. h gain, the median value is used. 

It is also possible to predict e from theory, following Eq. 
21. J can be simplified to 

given the sharp1 boundaries inherent in the model. Further, the 
integral can be evaluated numerically, using the values of q' 
from Table 2, to give 

s' oq'2dq = 0.4167 (31) 

Given a way to evaluate G, e could be computed using Eq. 
21. Kolar et al. (1984) use the same analysis as that applied to 
centrifugal pu ps (McCabe and Smith, 1967) to evaluate the 
angular mome tum integral constraint, Eq. 11 .  However, this 
approach requ res the assumption of constant velocity profiles 
in V, and V, a 1 ross the tip of the impeller blade, which leads 
to a significant error in the integral of their product. Another 
approach is to apply a time-averaged macroscopic mechanical 
energy balancq (Bird et al., 1960), which reduces to 

for the impeller control volume; defined as the volume swept 
out by the impeller blades. Here Cv and CH are the vertical 
and horizontall surface of this disklike volume. 

By definition, 

W = - =  - - P  -NppN3Di  
m pNQND3 (37) 

the dissipation rate within the control volume, is difficult 
to define or measure. It is dealt with by inserting an efficiency 
term, qeff, which is the fraction of the power drawn that is 
- not dissipated within the impeller control volume 
(Ff'+J?" = qeff@. qM,o will be some fraction of the impeller tip 
speed: assume this to be one. 

Substituting Eqs. 33-37 back into Eq. 32 gives: 

%] (38) 
5 2 (k) = 8r3(0.688) [G Npqeff + 3r3 

3 

for a standard impeller where W = D/5 .  Finally, 

(39) 

This shows that e does not depend on N, except possibly 
through qefP The only information remaining that is required 
for the prediction of e is qefP qeff can be calculated from the 
results of tank simulations by integrating E over the tank vol- 
ume. This provides a check on the assumptions used for es- 
tablishment of the boundary conditions, Eq. 29. 

Tank Simulations 
Simulations were carried out for two- and three-dimensional 

cases, using two tank geometries and two finite-difference pro- 
grams. The system chosen was a standard geometry, with T 
= 0.456 m, H = T, C = T/2, b = T/lO, and the impeller 
dimensions D:L: Win the ratio 20:5:4. The impeller speed was 
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Figure 4. Sketch of calculation domain for three-dimen- 

sional finite-difference calculations. 

950 rpm, and two impeller diameters were considered: D = 
T/2 and D = T/3. 

The code used for three-dimensional calculations was 
FLUENT, a commercial finite-difference package. The cal- 
culation domain considered comprised 1/8 of the tank volume. 
The grid used was 26 x 30 x 30; z x r x 0, with domain division 
for both D = T/2 and D = T/3 cases as follows: 

1 .  Uniform division of the twenty-eight internal cells in the 
r direction. 

2. In the 0 direction, a contraction factor of 0.85 was applied 
from cells 2-1 5 where cell 15 is the baffle cell, and an expansion 
factor of 1.1765 from cells 16-29. 

3. In the z direction, uniform division was applied over the 
extent of the impeller cells 2-7, and an expansion factor of 
1.11 was applied over the remaining eighteen cells. 
This gave finer definition in the impeller region in the z di- 
rection, and refinement around the baffle in the 0 direction, 
as shown in Figure 4. 

The boundary conditions were defined as follows: 
1. Symmetry at the tank axis, and at the impeller centerline 
2. Cyclic, or repeating, at the midbaffle plane; to satisfy a 

continuous pressure gradient condition 
3. No slip at the tank wall, on the baffle, and along the 

bottom; these boundary conditions were computed using wall 
functions built into the FLUENT program 

4. Vertical impeller boundary, C,, according to the SRJ pre- 
dictions of q, k ,  and E,  using the recommended experimental 
values for qM,o and p, Eq. 29. 

5. Horizontal impeller boundary (C,) with V, assumed con- 
stant over the impeller: determined from a material balance 
around the impeller; Vs taken as solid body rotation; V,, k ,  
and t set to zero. 

Vertical symmetry across the impeller centerline was checked 

in two dimensions with a free surface at the toy of the tank. 
It was found that deviations from symmetry we-e slight, and 
were at their maximum in the center of I he tank , a region of 
minor importance in this flow field. 

The normalized residuals of all variables con* erged to less 
than 5 x within 600 iterations. 

Results 
The quantity of data acquired from three-dimensional sim- 

ulations such as these is immense. In this case each of the 
23,400 cells has five values associated with it. Experimental 
data are not as plentiful, and if attention is confined to com- 
paring the predictions with the data, then evalibation of the 
model predictions can be reduced to a reasonalde task. The 
region of the tank with the steepest gradients, ;ind the most 
intense turbulence, is the impeller discharge zone. This is the 
region of greatest interest for mixing and drop size distribution 
models, as it is the zone of highest shear. Since the aim of 
modeling the flow field in the tank is to improve the infor- 
mation available for these models, comparison\ of the SRJ 
predictions with experimental results are concent rated on the 
impeller discharge zone. The comparisons proc4:ed from the 
well-established bulk properties of the flow field ('low number, 
power number, and overall circulation patterns), to quanti- 
tative comparisons for which experimental results are fairly 
plentiful (radial decay of Vr, k ,  and E ) ,  to details of the flow 
field for which data are scarce (profiles of k and Vr, behavior 
of the vortex behind the baffle). Given the excellent agreement 
of the model predictions with all of these experimental criteria, 
the SRJ model results are used to provide additional infor- 
mation about the flow field, in the form of aver,ige values of 
€. 

Dimensionless numbers 
Two dimensionless numbers, Np and NG, are well established 

for the Rushton turbine. The flow number (Revi 1, 1982), has 
been defined, and set to a value of approximately 0.75. In- 
tegration of the radial velocity profile predicted by the SRJ 
model at the tip of the impeller gives Ne = 0.78, a difference 
of 4%. The power number is usually reported (Bates et al., 
1963; Nienow and Miles, 1971) as 5.0, although there is sig- 
nificant experimental deviation in this number. Bujalski et al. 
(1987) did a careful study of the power number and found 
that for high Reynolds numbers, variations in A arose from 
changes in the disk thickness, as compared to the impeller 
diameter, and changes in scale. Np was independent of D/T. 

The mechanical energy balance discussed previously can be 
used to calculate the fraction of the power dissipated in the 
tank, veff. Substituting the established experimenr a1 values Np 
= 5.0, Ne = 0.75, and p = 45" into Eq. 38 giver! veff =. 0.46. 
An independent estimate of qeffcan be computed b y  integrating 
the dissipation rate of each computational cell over the free 
volume of the tank. If the integral 

is computed from the three-dimensional simulation results, the 
prediction of veffis 0.46 for D = T/2 and 0.56 tor D = T/3 
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where N,, = 5.0 has been used in both cases. This means that 
approximately 50% of the energy is dissipated before the fluid 
reaches the impeller periphery. A similar fraction of energy 
dissipation in the impeller control volume (50%) is reported 
by Placek and Tavlaride (1982). A similar trend of increasing 
qef-with decreasing D/Twas reported by Placek and Tavlarides 
(1986). 

Equations 38 and 40 are also used to check the assumption 
of constant Po, made in order to establish the boundary con- 
ditions. If Np and NQ are constant, and computational results 
show that qef- varies with D/T, then 0, cannot be constant. If 
@, is calculated based on the computational results, @, = 44.9" 
for D = T/2 and @, = 39.7" for D = T/3. Examination of 
available experimental results, Table 3, shows that this vari- 
ation is very small compared to that seen in experiments. Given 
the excellent agreement of model results with experiment, even 
using the assumption of constant @,, and the lack of reliable 
experimental evidence for a better evaluation, it seems best to 
accept this approach. The variation in qeffappears to be related 
to the changing tank geometry. The implications of this are 
discussed further in the later section on average values. 

Comparing the SRJ results to those given by other authors 
shows an unprecedented emphasis on the impeller stream. If 
considered in terms of the total power, these results can be 
stated as 54% dissipated inside the impeller, 35% in the im- 
peller stream, and 11% in the bulk of the tank, or the circu- 
lation zone. Cutter (1966) suggests only 20% dissipation in the 
impeller, 50% in the impeller stream, and 20-40% in the bulk 
of the tank. Gunkel and Weber (1975) state that 38% of the 
energy is dissipated inside the impeller boundaries. Okamoto 
et al. (1981) find that none of the energy is dissipated inside 
the impeller. Wu and Patterson (1989) state that 30% of the 
energy is dissipated in the impeller, 30% in the impeller stream, 
and 40% in the bulk of the tank. A reported experimental 
uncertainty of f 15% brings these measurements into the range 
of the SRJ model predictions. 

Mean velocity fields 
The flow pattern in a stirred tank with a radial impeller is 

known to consist of two toroidal vortices or circulation loops, 
one above and one below the impeller, which rotate such that 
the impeller stream is radially directed outward. This was ob- 
served in the results of the simulations and has been reported 
in detail elsewhere (Costes and Couderc, 1988; Yianneskis et 
al., 1987). In the r = 0 planes, it has been reported that there 
is a vortex behind the baffles. Flow visualization experiments 
show that this vortex persists only in the vicinity of the impeller 
plane, and decays rapidly with increasing or decreasing z .  This 
was also shown in the results of the simulations, as illustrated 
in Figure 5 .  

The decay of V, on the impeller centerline at the midbaffle 
plane for D = T/3 is shown in Figure 6. Since all available 
experimental results are for D = T/3, the computed decay for 
D = T/2 is not shown. The similarity solution predicts decay 
of V,,m with F - ' ,  which is not the case for the outer region of 
the tank. This is due to the influence of the baffle. 

Figure 7 shows the computed profile of V, at 2r/D = 1.5 
for D = T/3. All of the experimental profiles shown in this 
figure are for cases where the impeller was set at a clearance 
of C = T/3. Because of this asymmetry, the experimental 

a) 2rlD = Tl2,2zAnJ = 0.0 b) 2rlD = T/3,2z/w = 0.0 

c) 2rlD = T/2,2zMI = 1 .O d) 2rlD = T/3,2z1W = 1 .O 

-\ 

e) 2rlD = Tl2, 2zMI = 2.0 1)  2rlD = TB, 2zW = 1.7 

Figure 5. Axial variation in velocity field showing baffle 
vortex decay. 

velocity profiles are skewed to one side. They are also more 
elongated than the computed profile. Given the uncertainty in 
comparing asymmetric data to a symmetric case, agreement 
between experimental and computational results is good. 

Two-dimensional vs. three-dimensional 
Figure 8 gives an example of the three-dimensional character 

of the flow field in the outer 25% of the tank. The decay of 
k is virtually independent of angular position, from 4 degrees 
behind the baffle to 3.5 degrees ahead of the baffle. In the 

",,M - 
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0.4 

0.3 

0.2 1 * 
* 

0 . 1 1 '  I " " " 1 ' '  
. 1  1.4 1.8 2.2 2.6 

2 r  
D 
- 

Figure 6. Decay of V, on impeller centerline for D = 
T13. 
SRJ and Nouri results at 45" plane; other angular positions not 
reported 
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Figure 7. Profile of radial component of velocity at 
2r lD = 1.5. 
SRJ and Cooper and Wolf use a clearance of T / 2 ;  Wu and Nouri 
areat  C = T/3.  
Angular position 45" for SRJ and Nouri, not reported for other 
data 

baffle zone, however, changes are rapid and extreme. Out to 
a radial position of 2r/D = 1.48, the effects of the baffle are 
negligible, for the D = T/2 case. This lends credence to the 
assumption of axisymmetric flow at the impeller periphery, 
while showing the importance of an accurate representation 
of this complex geometry. 

Turbulence kinetic energy, k 
The decay of k on the impeller centerline at the midbaffle 

plane is shown in Figure 9 for both impeller diameters and 
three sets of experimental data. Only those values of k that 
include all three components of the velocity fluctuation are 
considered; those that ignore v i  ignore the second largest com- 
ponent of k and are thus subject to severe underprediction. 
Mahouast et al. (1989) and Wu and Patterson (1989) report 
measurements taken using laser Doppler anemometer. Cutter's 
(1966) data were obtained by use of a photographic technique. 
Agreement between the model predictions and the experimental 
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Figure 8. Angular variation in centerline decay of di- 
mensionless turbulence kinetic energy as 
predicted by SRJ simulations (D = T12) 
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Figure 9. Decay of dimensionless turbulence kinetic en- 
ergy on impeller centerline: comparison with 
experimental results. 
SRJ and Mahouast at 45" plane; Wu and Cutler do not report 
angular position 

results is very good. The turbulence kinetic energy, made di- 
mensionless with VTIp, is shown to scale exactly with 2r/D. 

The profiles of k across the impeller tip at three radial po- 
sitions are shown in Figure 10. It appears that rhe curvature 
in the model is more extreme that that seen in experiments, 
but that the spreading and decay are fairly well predicted. 
Agreement down to this level of detail in the flow field has 
not previously been reported. 

Turbulence kinetic energy dissipation rate c 

The decay of E on the impeller centerline at the midbaffle 
plane is shown in Figure 11 for both impeller diameters and 
five sets of experimental data. The radial decay of E closely 

O. I4  I 
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.-..- 

- 0  
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0.0 0.4 0.8 1.2 1.6 2.0 2.4 

W 
Figure 10. Profiles of turbulence kinetic energy in im- 

peller stream at various radial positions. 
SRJ results at midbaffle plane (45"); results by Ito at 4S", Wu 
at 30' 
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follows several previously reported experimental studies. The 
degree of agreement shown here, especially in the immediate 
vicinity of the impeller, indicates that the SRJ model accurately 
describes the impeller boundary condition. 

Previous authors (Wu and Patterson, 1989, Laufhutte and 
Mersmann, 1987) have reported surveys of E data that showed 
wide variations in the results. The primary cause of this ap- 
parent deviation is not, as was suggested, the experimental 
technique or evaluation theory used, but incorrect scaling of 
E .  The general practice has been to plot E / Z  vs. 2r/D, where 
Z is the power input per unit mass. Use of Z ,  although ap- 
pealing from a design point of view, contaminates the data 
with introduction of the tank diameter, cubed. If the scaling 
suggested by the more theoretically rigorous similarity solution 
is used, the data collapse very nicely, as shown in Figure 11. 
This new scaling divides the value of E by V3,,/D. Use of this 
modified dimensionless variable allows exact scale-up, over 
the axisymmetric region, from D = T/2 to D = T/3. 

Comparison of the SRJ model predictions with other model 
predictions is shown in Figure 12. Harvey and Greaves (1982) 
set k and E equal to zero at the impeller boundary. Their 
predictions of E are not only low but show an incorrect trend, 
increasing as the wall is approached. Placek and Tavlarides' 
(1 986) model gives very low predictions close to the impeller, 
but approaches experimental results in outer regions. Their 
calculations concentrated on a case where D = T/4, so the 
effects of this underprediction close to the impeller were min- 
imized. The SRJ model correctly predicts the exponential rise 
o f t  as the impeller is approached. No other model is close to 
the data in this region. 

A verage values 
For the purposes of further modeling of reactor and chemical 

processes where computation of the detailed fluid mechanics 
is not practical due to the large number of variables involved, 
it is useful to define zones in the stirred tank where average 
values of the turbulence quantities may be applied. Based on 
the results of these simulations, two zones have been defined. 
The first is the impeller discharge zone. This zone extends over 
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Figure 12. Comparison of various model predictions of 
decay of c on impeller centerline. 
SRJ results on midbaffle (45") plane; other models used a two- 
dimensional calculation 

the region where the SRJ dominates, and the effects of the 
baffles are not felt. The value of E,, for this zone is virtually 
independent of D/T .  The second zone comprises the remaining 
free volume of the tank, and reflects the influence of changing 
D/T. More detailed zones (e.g., a baffle zone) could not be 
defined because of the changing geometry. While the impeller 
zone does not "see" its surroundings, the geometry has sig- 
nificant effects outside this zone. Of the total power drawn 
(calculated from Np), approximately 50% is dissipated within 
the impeller control volume. The volume-averaged, dimen- 
sionless dissipation rate is constant with varying D / T  within 
the impeller discharge zone (defined using dimensionless co- 
ordinates). The power remaining is dissipated in the bulk of 
the tank. This means that the bulk value can be expected to 
vary, depending on the tank geometry, especially D/T.  

In order to define these zones rigorously, the dimensionless, 
volume-averaged E is defined as: 

This was computed for each of the r, z, and 8 planes so that 
the variation of E,,, could be examined and appropriate zones 
chosen. Most of the variation occurs in the immediate vicinity 
of the impeller, from 2z/W = 0 to 1.0 (E,,, decays to 10% of 
its initial value), and 2r/D = 1 to 1.45 (earn decays to 30% of 
the boundary value). The limiting value of 2r/D must be chosen 
with some care if E,,, for the impeller discharge zone is to 
remain constant from D = T/2 to D = T/3: the zone cannot 
extend into the region where the influence of the baffles begins 
to be felt; see Figure 8. For the limits given above, E,,, = 0.195 
for D = T/2 and E,,, = 0.192 for D = T/3, a difference of 
1.6% ~ 

The only variation in E,,, not covered by the impeller dis- 
charge zone is that due to the influence of the baffles. This 
variation is shown for both cases in Figure 13. Note that while 
the trends are clearly analogous for the two cases, no way of 
scaling the results so that they collapse onto one curve was 

Vol. 37, No. 3 457 



1 0.013 n 

ave 
E 

0 
a. D = TI2 

0.00425 

0.0042 

0.00415 

0.00395 

0.0039 

0.00385 

0.0038 

8 
b. D = T / 3  

Figure 13. Variation of cave with 8. 

found. It was concluded that this is mainly because the power 
input, and therefore the energy available to be dissipated, is 
dependent only on the impeller diameter and rotational speed; 
a smaller impeller in the same size tank (with constant hJ) has 
much less power available to be dissipated in the bulk of the 
tank. The volume of the tank relative to the volume of the 
impeller is much larger. Because any value of E,, defined for 
this zone would only be applicable to a specific case, no baffle 
zone has been defined. 

for D = T / 2 ,  
and 2.07 x for D = T / 3 .  The volume covered by these 
averages is the free volume in the tank not included in the 
impeller zone. The baffle variations have been lumped into 
these averages. 

For the bulk of the tank, E,, is 5 . 5 9 ~  

Conclusions 
The turbulent swirling radial jet model can successfully be 

applied to the modeling of flow in stirred tanks with radial 
impellers, specifically the Rushton turbine. This model has 
been extended from the case of closure using the mixing length 
hypothesis, to closure using the k - E model. In addition, the 
model parameters have been clarified so that they have clear 
physical meaning. The success of this modeling effort indicates 
that the modified k - E models recently proposed by several 
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authors are not necessary, provided the proper boundary con- 
ditions are applied when using the standard k -  6 model. 

The most reliable way to treat the drag intrc duced by the 
baffles around the tank periphery is to specif) them as part 
of a three-dimensional computational geometr! . This allows 
elimination of the pressure-induced drag term. which is in 
essence of tuning parameter, so that the flow field can be 
calculated with much less a priori knowledge ol the result. 

Three-dimensional simulations based on these principles 
yielded excellent agreement with experimental rtsults. Details 
of the velocity field, decay of k and E on the impeller centerline, 
profiles of V, and k at various radial positions, and the total 
power dissipated were all accurately predicted In contrast, 
previous studies have concentrated on predictions of the mean 
velocity field, and have shown only qualitative agreement with 
the turbulence quantities k and E .  

Appropriate zones were recommended for use in modeling 
efforts where the main interest is not the detailed fluid me- 
chanics, but other processes such as mixing or reaction. Av- 
erage values of E were presented for these zones 
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H =  
J =  
k =  

kp = 

L =  
m =  

M ,  = 
N =  

Np = 
NQ = 

P =  

q =  
‘ f =  

q M  = 
4 M . o  = 

Q =  
r =  
T =  

v: = 

baffle width = T/10 
holding variable 
impeller clearance = T/2  
k -  E model constant 
k - E model constant 
k - E model constant 
impeller diameter 
radius of cylinder, centered at r = 0, which defines 
the origin of the system tangential half-danes 
rate at which system loses energy through dissipa- 
tion, per unit mass 

similarity variables 
total radial flux of angular momentum, or moment 
of momentum 
height of liquid in tank = T 
total { flux of t momentum 
turbulence kinetic energy per unit mass, m2/s2 
turbulence kinetic energy of large-scale bortices (Pla- 
cek and Tavlarides, 1985) 
length of impeller blades = D/4  
mass rate of flow through impeller 
total radial flux of radial momentum at infinity 
rotational speed of impeller, rps 
power number = P/(pN’DS) 
flow number = Q / ( N D 3 )  
power input 
component of velocity in < direction 
q / q M  = dimensionless q velocity determined from 
similarity solution 
centerline q velocity 
centerline q velocity at impeller peripherv 
primary flow 
radial coordinate, origin at center of impeller 
tank diameter 
turbulent velocity fluctuation of r compcment of ve- 
locity 
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V, = component of velocity in r direction 
VrlP = impeller tip speed = TND 

v; = turbulent velocity,fluctuation of 8 component of ve- 
locity 

Ve = component of velocity in 0 direction 
v; = turbulent velocity fluctuation of z component of ve- 

locity 
V, = component of velocity in z direction 
W = width of impeller blade = D/5 
W = rate at which system performs mechanical work on 

surroundings, per unit mass 
z = axial coordinate, origin at center of impeller 

Greek letters 
P = angle of declination of flow 

p, = P at impeller periphery 
y = constant 

6 ( ( )  = jet width 
6, = jet width at impeller periphery 

E = turbulence kinetic energy dissipation rate, m2/s3 
i = power input per unit mass 

7 = similarity coordinate 

8 = angular coordinate, origin at baffle plane 
h = jet spreading rate = constant = eigenvalue 
Y, = turbulent viscosity 
E = coordinate in direction of flow, see Figure 1 
to  = value of t at impeller periphery 
tu  = “virtual” origin of SRJ, Figure 2 
p = fluid density, kg/m3 
uk = k-6 model constant 
ue = k-6 model constant 
CH = horizontal impeller boundary 
C y  = vertical impeller boundary 
7 = shear stress, rz, 8z, or t z  

‘J’ = stream function 

t,, = volume-averaged t 

qe// = impeller efficiency 

Other symbols 
( )  = quantity averaged over a surface 
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